In what follows, we will instead use the term proper in place of neighbour sum-distinguishing to 114 lighten the writing. By an x-edge of G (by w), we mean an edge assigned weight x by w. In this section, we prove that for every odd integer a ∈ Z, the class of 2-connected bipartite graphs 117 without the {a, a + 2}-property is exactly that of odd multi-cacti. Another way to define these 118 graphs is as follows. Start from K 2 , the simple connected graph on two vertices, having its only 119 edge coloured green. Then, repeatedly apply an arbitrary number of the following operation (see 120 Figure 2 for an illustration). Consider any green edge uv of the current graph, and join u, v by a 121 new path P of length ≥ 1 congruent to 1 modulo 4 whose edges are coloured red and green as 122 follows:
123
• if = 1, i.e., P has a unique edge, then this edge is green;
124
• if ≥ 5, then the edges of P are coloured red and green properly (i.e., no two subsequent 125 edges have the same colour) so that the two end-edges are red.
126
Figure 2 notably shows that performing this operation multiple times for a same green edge is 127 allowed, and that adding paths of length 1 is similar to increasing the multiplicity of a green edge.
128
Note also that it is not possible to get two adjacent green edges with distinct ends at any point Figure 2: Constructing an odd multi-cactus through several steps, from K 2 (a). Red-green paths with length at least 5 congruent to 1 modulo 4 are being attached onto the green edge uv through steps (b) to (d). In step (e), (green) paths of length 1 are added, which corresponds to increasing the multiplicity of some green edges.
that can be obtained during this process, no matter how many times the operation is applied. In 131 particular, K 2 itself is regarded as an odd multi-cactus.
132
In this section, we will implicitly use several properties of odd multi-cacti, such as:
133
Observation 2.1. Let M be an odd multi-cactus with its edges being coloured red and green as 134 described above. Then:
135
• M is 2-connected;
136
• when replacing every (green) edge of M by an edge with multiplicity 1, a 2-degenerate graph 137 (i.e., a graph in which every subgraph has a vertex of degree at most 2) is obtained;
138
• for every green edge uv of M , we have d M (u) = d M (v).
139
Having the structure of odd multi-cacti in mind, it can be proved that the following holds true.
140
Lemma 2.2. If G is not an odd multi-cactus and was obtained from an odd multi-cactus M by 141 replacing a red edge with an edge of multiplicity at least 2 or by replacing a green edge by a path 142 of length k ≥ 5 with k ≡ 1 mod 4, then G has the {a, b}-property for any two distinct integers G as in G and assigning the weight assigned to e in G to the edges v 2 v 3 and v n−1 v n , and finally 165 assigning the weights of the remaining edges v 2 v 3 , ..., v n−2 v n−1 in a way avoiding conflicts inside 166 C.
167
We now introduce or recall results that will be needed during the course of our main proof below.
168
The following first observation is obvious and implies that studying the {a, b}-property only makes 169 sense when gcd(a, b) = 1.
170
Observation 2.3. Let w be a proper {a, b}-edge-weighting of a graph G. If we multiply all edge 171 weights of w by a non-zero integer α, then we get a proper {aα, bα}-edge-weighting of G.
172
In what follows, given a graph G and a mapping f :
176
When dealing with bipartite graphs with a bipartition set of even cardinality, and when a and b
177
have distinct parity, f -factors modulo 2 can be employed as a convenient tool to deduce proper {a, b}-178 edge-weightings in quite an easy way (see [10, 13] ). More precisely, let (X, Y ) be the bipartition of a 179 bipartite graph G where |X| is even. Lemma 2.4 (when applied onto the function f where f (x) = 1 180 for x ∈ X and f (y) = 0 for y ∈ Y ) implies that G has a spanning subgraph H where all of the 181 vertices in X have odd degree, while all of the vertices in Y have even degree. From this, it is easy 182 to see that, assuming a is odd and b is even, assigning weight a to all of the edges in E(H) and 183 weight b to all of the edges in E(G) \ E(H) yields a proper {a, b}-edge-weighting of G.
184
The upcoming new tools and concepts (in particular that of mod-4 vertex-colourings) are the 185 key to generalize this approach to odd a, b ∈ Z when |a − b| = 2. 
205
Let us first assume that we are in the first case and let P 1 , P 2 be two internally disjoint shortest 
207
That is, v is the first vertex on both P 1 and P 2 that is encountered when going from v 1 towards The possible weighted degrees of a vertex u of odd degree and colour 1 induced by such an edge-
.., bd(u)} and the possible 239 weighted degrees of a vertex u of odd degree and colour 2 induced by such an edge-weighting are
We will show that w(x) = w(y).
241
To do this we distinguish two distinct cases (note that we can assume that x and y have the same 242 degree parity, as otherwise w(x) cannot be equal to w(y)): show that ad(x) ≡ ad(y) mod 4, and as mentioned above this follows since gcd(a, 4) = 1.
250
From the previous proof, we can also extract the following: Let G be a graph and w an {a, b}-edge-weighting of G. By swapping (the weight of) an edge, we 260 mean changing its weight to a if it is a b-edge, or changing its weight to b otherwise. By swapping 261 a path or a cycle, we mean swapping all of its edges. For a vertex v in a cycle C of G, it can be 262 upon swapping C. In the proof of our main result below, this fact will be used a lot to get rid of 264 conflicts in the following way.
265
Let X, Y be the two colour classes of a mod-4 vertex-colouring of G and assume that, for some 266 vertex v ∈ X, w is an (X \ {v}, Y ∪ {v})-a-parity {a, b}-edge-weighting, i.e., all vertices in X \ {v} 
284
We finish with a few general lemmas to be used in particular cases of our upcoming main proof. even, so, since X \ {v} has even size, the set X = (X \ (Z ∪ {v})) ∪ Z ∩ Y also has even size. Thus,
297
Lemma 2.4 implies that there is an (X , V (G ) \ X )-a-parity {a, b}-edge-weighting of G . We now proper.
332
We are now ready to prove the main result of this section. Let us emphasize that the main steps introduced earlier are used. Also, the end of the proof in our case is more straightforward than 338 those for the {1, 2}-and {0, 1}-properties.
339
Proof of Theorem 1.1. Suppose the theorem is false and, for some odd a ∈ Z and b = a + 2, let G 
355
Claim 2. G has no suspended path of length 2.
356
Proof of the claim. Suppose the claim is false and let v 1 xv 2 be a suspended path in G, where 
364
• If v 1 , v 2 ∈ Y , then the same conclusion can be reached when applying Lemma 2.4 so that we 365 start from an (X − {x} ∪ {v 1 , v 2 }, Y \ {v 1 , v 2 })-a-parity {a, b}-edge-weighting of G .
366
• If v 1 ∈ X and v 2 ∈ Y (resp. v 2 ∈ X and v 1 ∈ Y ), then, again, we can get the same 367 conclusion after applying Lemma 2.4 from an (X \ {v 1 , x} ∪ {v 2 }, Y ∪ {v 1 } \ {v 2 })-a-parity 368 {a, b}-edge-weighting (resp. (X \ {v 2 } ∪ {v 1 }, Y ∪ {v 2 } \ {v 1 })-a-parity {a, b}-edge-weighting) 369 of G .
370
Observation 2.8 implies that the only conflicts that can arise are xv 1 and xv 2 . So we can assume 371 that x and v 1 are in conflict, i.e., both x and v 1 have weighted degree 2a. This implies that v 1 has 372 even degree at least 4 (by the definition of a suspended path, and only vertices with degree of the 373 same parity can be in conflict) and a < 0 < b and hence a = −1 and b = 1. Let u 1 , u 2 be two 374 neighbours of v 1 in G such that u 1 v 1 and u 2 v 1 have weight −1 and let C be a cycle in G using the 375 edges u 1 v 1 and v 1 u 2 . Such a cycle exists as, because G is 2-connected, there is a path from u 1 to u 2 376 in G − v 1 . Because C is v 1 -changing and x-avoiding, if we swap all weights on C we do not create 377 new conflicts in G and we lose the conflict xv 1 (recall Observation 2.9). In particular, x remains of 378 weighted degree −2 while v 1 becomes of weighted degree 2.
379
Thus, we can now assume that xv 2 is a conflict. This implies that v 2 also has even degree at least 380 4. We can now get rid of this conflict in the same way as we got rid of the conflict v 1 x, unless all 381 v 2 -changing cycles in G (that thus use two edges in E(v 2 ) having the same weight) all use two edges 382 in E(v 1 ) both having weight 1 (in this case we only move the conflict from xv 2 to xv 1 ). Since xv 2 is 383 a conflict, v 2 must be incident to at least two −1-edges in G and at least one 1-edge. Furthermore,
384
as mentioned above, we can assume that any v 2 -changing cycle in G contains two edges incident 385 to v 1 having weight 1.
386
Assume that v 1 is incident to a −1-edge e in G . Since G is 2-connected, there is, in G − v 1 , a 387 path from v 2 to the end of e different from v 1 . From the existence of that path, we get that there is 388 a path P in G from v 1 to v 2 using e. If the weight on the last edge e of P (the one incident to v 2 ) 389 is 1, then swapping the weights on the cycle P ∪ v 1 x ∪ xv 2 yields a proper edge-weighting; so we can 390 assume e has weight −1. Since xv 2 is a conflict and v 2 has even degree at least 4, vertex v 2 must 391 be incident to a −1-edge e = e in G . Now, because G is 2-connected, the graph G − v 2 has a path 392 P joining the end of e different from v 2 and the end of e different from v 2 . Note that if P does 393 not contain v 1 , then we would get a cycle whose weights can be swapped to immediately deduce a
394
proper edge-weighting of G. The same conclusion holds if P and P intersect for the first time on 395 a vertex different from v 1 . So v 1 is the first intersection point between P and P , in which case we 396 deduce a cycle of G containing v 2 as well as all of e, e , e (first go from v 2 to v 1 along P , before 397 going back to v 2 along P ); when swapping the weights along that cycle, we get rid of all conflicts 398 between x and v 1 , v 2 .
399
We are left with the case where v 1 is not incident to a −1-edge e in G . Thus, we deduce that in C 2 , and v 2 has two neighbours in C 2 and one neighbour in C 1 .
411
Let e 1,a and e 1,b denote the two edges incident to v 1 going to C 1 . Recall that e 1,a , e 1,b have 412 weight 1. Since C 1 is connected, there is a path from the end of e 1,a different from v 1 to the end 413 of e 1,b different from v 1 . We swap all weights along the cycle formed by this path and e 1,a , e 1,b to 414 get another edge-weighting of G where v 1 has weighted degree −2; so, now, both xv 1 and xv 2 are 415 conflicts.
416
Now let e 1,c denote the edge incident to v 1 going to C 2 , and e 2,a denote the 1-edge incident to 417 v 2 going to C 2 . Both these edges are weighted 1. Since C 2 is connected, there is a path P from 418 the end of e 1,c different from v 1 to the end of e 2,a different from v 2 . Now consider the cycle of G 419 starting in x, going through xv 2 and e 2,a , then going along P , and finally going through e 1,c and v 1 x.
420
When swapping all weights along this cycle, note that v 1 , v 2 remain of weighted degree −2, while G by assigning weight a to x 1 x 2 and weight b to x 2 x 3 and x 3 x 4 .
484
So we can assume that G does not have the {a, b}-property and is thus an odd multi-cactus by 485 the minimality of G. The edge e cannot be red in G , since then G would also be an odd multi-486 cactus. Thus e is green and Lemma 2.2 implies that G has the {a, b}-property. we replace all suspended paths of length 3 by edges (even if the two ends were already adjacent) to 490 form a bipartite multigraph G * . Edges arising from suspended paths of length 3, we call blue edges.
491
Every other edge of G * , i.e., which was already present in G, we call a white edge.
492
Note that G * is bipartite, 2-connected, has minimum degree at least 3, and it may have more 493 multiple edges than G has. Also, note that for every vertex v in G * , we have
494
In general, it is not easy to deduce a proper {a, b}-edge-weighting of G from one of G * (typically 495 because of blue edges); however, information on the structure of G can be deduced from that of G * .
496
In particular, we will study the existence of paths or cycles in G * to deduce that of corresponding 497 paths or cycles in G (where any traversed blue edge in G * is replaced by the corresponding path of 498 length 3 in G).
499
If the deletion of some pair of adjacent vertices u, v disconnects G * , then let z 0 y 0 ∈ E(G * ) be and where z 2 , z 2 ∈ H. Possibly z 2 = z 2 or z 2 = z 2 . The graph B − w 0 − z 0 is connected, so it 587 contains a path P 1 from z 2 to y 0 and a path P 2 from from z 2 to y 0 . These paths P 1 and P 2 must 588 be internally disjoint, since otherwise, there would be a z 0 -changing cycle in B not containing any 589 pair of forbidden edges. We can assume that both P 1 and P 2 contain a pair of forbidden edges, to at least one a-edge (the one incident to v ) this edge-weighting is proper.
651
Case 2: All vertices in H are adjacent to z 0 or y 0 .
652
By Claim 6, we can assume that, for every vertex v ∈ V (H), the graph
disconnected. First, suppose z 0 is joined in G * to some vertex v ∈ V (H) by an edge of multiplicity 654 2. Let e and e be the two edges joining z 0 and v in G * . Claim 6 implies that not both of e , e 655 are blue; say e is white. If e is blue, then by Claim 8, the third edge e incident to v in G * 656 must be white. If e is white, then Claim 6 implies that e is white, so the edge e = vu must be 657 white. We can assume v ∈ X and hence u ∈ Y . Let Z denote the set of vertices in G − v which are 658 incident to exactly one edge incident to u. Note that either Z is empty or Z has size 2. Note that
a-parity {a, b}-edge-weighting of G − v − u. We now extend this edge-weighting to all of G by 661 assigning weight b to all edges in E(v) and weight a to the two edges incident to u distinct from uv. 
761
Case 2: p + q = 3. we modify the weights in T 2 such that all edges incident with u 1 , ..., u p have weight 1 (resp. −1)
767
and all other edges in T 2 have weight −1 (resp. 1). This yields a proper {−1, 1}-edge-weighting
768
of T , so we can assume p = 0 and q = 3. In this case, we modify the weights in T 2 such that all 
